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Abstract-In order to direct attention to a new operational calculus, associated with the differential 
transform, a recently presented result of Ranger is considered. Ranger’s result concerning the flow due to a 
line rotelet near a plane is reconstructed by means of the differential transform in a simple way. The 
simplicity of obtaining the result demonstrates the possibility of employing the differential transform 
technique to more advanced related problems. 
1. INTRODUCTION 
This note presents an interaction between two recently published papers, both presented at the 
17th Annual Meeting of the Society of Engineering Science [l]. 
At this meeting, Ranger[2] has presented a solution to a source-boundary value problem 
representing the flow produced by a steady rotation of a circular cylinder in the presence of a 
fixed plane. On letting the cylinder radius approach zero, he then considered the flow of a line 
rotelet near a plane, eqn (6.11). 
At the same meeting, the author [3] has presented a new operational calculus by means of the 
differential transform, an operator which is an exotic integral-free integral transform [4]. 
The purpose of the present note is to direct attention to the new operational calculus in [3] 
by employing it for the determination of the flow due to Ranger’s line rotelet near a plane, thus 
rediscovering Ranger’s result (6.11). It is hoped that this note will encourage the incorporation 
of the differential transform technique in undergraduate and graduate study of the use of 
integral transform methods. 
The simple way of constructing Ranger’s result (6.11) by means of the differential transform 
technique indicates the possibility of solving a more advanced problem associated with 
Ranger’s rotelet; the determination of the flow produced by the line rotelet in a medium 
bounded by two parallel planes, The exploration of this more realistic problem is the subject of 
a forthcoming paper. 
A brief review of the differential transform is given in Section 2 followed by an illustrative 
example in Section 3. The example is too simple, but it is the one needed for the differential 
transform representation of Section 4. The role of differential transform representations is 
similar to that of integral representations; both are useful in solving boundary value problems. 
i;ollowing a description, in Section 5, of one of Ranger’s source-boundary value 
problems [2], the differential transform representation of Section 4 is employed in Section 6 for 
solving it. 
2. THE DIFFERENTIAL TRANSFORM 
Following [3,4], the differential transform U is defined by 
U{s”F(x;h)e-“p*} = 8; {F(x;h*)i*}, (2.1) 
a definition which is illustratively exemplified in Section 3. 
The differential transform can be applied only to expressions having the form 
(2.2) 
as indicated in (2.1). In (2.1) and (2.2) l.~*, or in full notation p*(x;h), is a function of N 
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variables x = (x1, x2,. . ~ xN) and a parameter A, assuming the value p, 
Both F and p* in (2.1) and (2.2) are suitably differentiable, but are otherwise arbitrary. In 
(2.1) A*, or in full notation h*(x;p), is a function of the N variables x and the parameter p, 
assuming the value A, 
A = h’F(x;p) (2.4) 
and 
The operational symbol s in (2.1) and (2.2) is treated as a variable and a: assigns partial 
differentiation of order n with respect to p, n being a non-negative integer. 
As functions of A and p respectively, p* and A* in (2.1) are inverse to one another in a sense 
that will be clear in the example of Section 3. More details are given in [3-S]. 
The fundamental properties of the differential transform are [3,4] 
ua, = a,,u 
US = a,U 
ua, = 0. 
(2.5) 
The properties in (2.6) provide the basis for the applications of the differential transform: 
(a) Due to the first property in (2.6), the differential transform translates a solution of a 
linear partial differential equation, or a linear boundary value problem, into another solution of 
the same equation or problem; 
(b) The differential transform U shares with the inverse Laplace transform operatorl-’ the 
first two properties in (2.6), under some obvious restrictions on the functions involved, 
indicating the integral-transform nature of the differential transform; and 
(c) The third property in (2.6) gives rise to a new generalized Leibnitz’s rule for the 
differentiation of parametric integrals [5]. 
3.EXAMPLE 
The following example, required for later reference, illustrates the definition of the differen- 
tial transform in eqn (2.1). The example is trivially simple, further examples are presented in 
1394761. 
Let CL* of eqns (2.1), (2.2) and (2.3) be defined by 
p*(x,y;A) = A -x - iy, i2=- 1, (3.1) 
as a function of the two variables x and y and the parameter A. Omitting the argument, eqn (3.1) 
may be written as 
/.L*=A-x--y. (3.2) 
If the asterisk in (3.2) is transferred from CL* to A we get 
p=A*-x-iy (3.3) 
which indicates that A* is taken to be the dependent parameter instead of ~1; the function A* is 
the inverse of p*. Solving (3.3) for A* we get 
A*(x,y;p) = P +x + iy (3.4) 
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and 
(3.5) 
By means of eqns (2.3) and (2.4), eqns (3.1) and (3.4) are the same except that in (3.1) p is 
taken to be the dependent parameter while in (3.4) A is chosen to be the dependent parameter; 
the dependency of p or A is thus indicated by the imposition of an asterisk. This asterisk 
notation for functions is of interest in its own right; it is designed to make dependent and 
independent variables more sensitive to the needs of manipulations involving a change of 
variable. The asterisk notation can be extended to a number of asterisks imposed on a single 
variable; a new result obtained by means of this notation is presented in [5]. 
In eqns (3.1), (3.4) and (3.5) we have the details that we need for the application of the 
differential transform to the expression 4, 
4 = log Ae-sW-iv). (3.6) 
The function C/J satisfies Laplace’s equation 
V2$ = 0, V2=$+$, (3.7) 
and, moreover, it has a form to which we can apply the differential transform U. By the 
definition of U in eqn (2.1), the application of U to C$J yields 
* = w#Jl 
= u{log Ae-&-x-‘Y)} 
= U{log Ae-Sw*} 
= log A*h’* 
=log(p+x+iy). 
(3.8) 
In the chain of eqns (3.8), the differential transform U sends the parametric solution 4 of 
(3.7) into another parametric solution, I& of the same eqn (3.7). The proof, by means of the first 
property of U in (2.6), is quite simple: 
v2+ = V2U{r#l} = U{V2r#l} = U(0) = 0, (3.9) 
where U(O) is interpreted as U{OemsP*}. 
4. A DIFFERENTIAL TRANSFORM REPRESENTATION 
The usefulness of integral representations is well known. An example is the Lipschitz 
integral representation 
e-*“Jo(Ay) dh, R2=x2+y2 (4.1) 
(e.g. [7]), Jo being Bessel’s function of first kind and zero order. The integral representation (4.1) 
represents l/R as the integral of a simpler function, in which the variables x and y are 
separated. The separation of variables, as we know, is useful in solving boundary value 
problems. 
The role of differential transform representations is similar to that of integral represen- 
tations. There are no general rules indicating how to find a desired representation, but once an 
appropriate representation is discovered, it can be employed according to well known rules. 
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The differential transform representation that we need for constructing Ranger’s result is 
Ic, = ReUj~},=o = log R, R2=x2ty2, t4.a 
which is an immediate consequence of (3.Q where Re is the ‘“real part” operator and C/J is given 
in (3.6). 
In (4.2) the solution log R of (3.7) is represented as the real part of the differential transform 
of the simpler solution C#J of (3.7), 
4 = log Ae-SAesCx+‘Y). (3.6) 
The parameters h and s do not appear in (3.7) and any function of them may be regarded as a 
constant with respect to (3.7). Hence, the solution 4 to eqn (3.7) has the simple form of a 
constant multiplied by an exponential function of x t iy. As functions of the variables x and y, 
4 is simpler than $ in the sense that the variables are separated in C#J but not in I/L 
5. RANGER’S SOURCE-BOUNDARY VALUE PROBLEM 
A source function, 
$o=log&, R,2 = x2 t(y - c)*, 
satisfying the biharmonic equation 
v41$ = 0, v4=$+2 _-&+a” 
ax ay ay4’ 
(5.1) 
(5.2) 
is given. The source function $. represents the flow due to Ranger’s line rotelet, located at the 
point R, = 0 in an unbounded (x, y)-space. 
In order to solve the more realistic problem of a line rotelet in a semi-infinite space, y 2 0, 
bounded by a plane, y = 0, we seek a source-image $r such that (a) I/J~ satisfies the biharmonic 
equation (5.2); (b) The superposition 
satisfies not only the biharmonic equation (5.2) but also the boundary conditions 
(5.3) 
on the plane boundary y = 0; and (c) $, introduces no new singularities into the medium under 
consideration, y 2 0. 
The solution I,!J of Ranger’s problem is given in (6.11). It was obtained by Ranger by using 
methods of synthesis and superposition. In these methods one considers a table of solutions of 
the biharmonic equation (5.2), from which an appropriate superposition, satisfying (a), (b) and 
(c) above, is selected. Methods of synthesis and superposition can be employed only to 
“simple” problems, and the advantage in translating an involved problem into a simpler one is, 
therefore, obvious. Such a translation is provided by the Differential Transform and it is the subject 
of the next section. 
6. SOLUTION TO RANGER’S PROBLEM BY MEANS OFTHE DIFFERENTIAL TRANSFORM 
Let 
+. = log A e-s(A-x-i(Y-c))* 
611 
Then, from eqn (4.2) we have the differential transform representation 
where Ilo is the source function in eqn (5.1). 
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Instead of solving directly for the source function $,,, one can first solve for do, the method 
for which is simple and known, and then translate the solution into another solution associated 
with I+& 
The solution C$ associated with &, is 
4=;bo+41 (6.3) 
where 
4, = A e-s(A-x+iy) +  & e-s(A-x+iy) (6.4) 
and A and B are determined by the boundary conditions (5.3). 
The two boundary conditions (5.3) yield a system of two algebraic equations for the two 
unknowns A and R, the solution of which is 
A = - log A e-i”C 
B = - 2is log A emis’. 
(6.5) 
Hence, by eqns (6.1), (6.3) and (6.4), the function 4 is 
4=logAe- sQ-x-X-c)) _ log * ,-s(A-x+i(y+cN _ 2isY log h ,-SO-x+i(y+cN. (6.6) 
The function 4 in (6.6) satisfies the boundary value problem formed by eqns (5.2) and (5.3). Hence, 
also 
ICI = RW&,=o 
satisfies the same boundary value problem. If a regular solution C$ to a boundary value problem 
is unique, then the new solution 1(1 cannot be regular. (lr is indeed the singular solution that we 
seek. 
The computation of 4 is as follows: By means of eqn (6.6) we have 
4 = ReW#&=o 
= Re_J{log A e-s(A-x-‘(Y-c))},=o 
_ Re,TJ{log A e-~U-~+i(Y+~))}p=o 
- 2y ReU{is log A e-s(A-x+i(ytc))}fi=o 
= ReU{log A e-sPf}p=o 
- ReU{log A e-sP~)cL=o 
- 2y ReU{is log A e-sP~}cL=o 
= Re{log ATAT},=o 
- Re{log A$);$},=, 
- 2yRe{iJ,(log A$ A’t)}p=O, (6.7) 
where A2 is the inverse of pi, k = 1,2, and 
pf=A-x-i(y-c) 
p? = A -x + i(y + c). (6.8) 
From (6.8), as in Section 3, we find the inverses AT and AT to be 
AT=p+x+i(y-c) 
A2=p+x-i(y+c) (6.9) 
h’T = i$ = 1, A.*, = al\*,/+, k= 1,2. 
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Upon substituting (6.9) in (6.7) we finally get the solution 4, 
I& = Re(log (P + x + i(y - C))],=O 
- Re{log (/A + x - i(y + c))],=, 
- 2y Re(i+[log(~ + x - i(y -k- c))lI,=~ 
=Re log(xti(y-c))-log(x-i(ytc))-2iyx2+(Y+C)2 
L 
x + i(y + c) 
=logR,-logR,t2v, R;=X2t(ytc)2, 
which agrees with Rangers result ([2], eqn 25): 
$=logR,-logR,+2v, 
(6.10) 
(6.11) 
In the construction of Ranger’s result we have utilized a nice feature of the differential 
transform technique that the symbol s is treated, eqn (6.7), as a variable until it attains its 
operational meaning d,. Examples involving negative powers of s were given by Ungar and 
Robinson in [6]. 
The determination of the flow produced by a Ranger’s rotelet in an infinite layer bounded by 
two parallel planes, by means of the differential transform technique, is now possible. This 
problem presents a straightforward extension of this note and will be discussed elsewhere. 
7. SUMMARY AND REMARKS 
The way of obtaining result (6.11) is simple provided that a familiarity with the differential 
transform technique is assumed. If, however, the acquirement of a familiarity with the 
technique (which is actually the purpose of this note) is regarded as a part of getting (6.1 l), then 
obviously the method of obtaining (6.11), as described here, is not simple. Since this note is 
written under the assumption that the reader is not familiar with the differential transform 
technique, the previous sections give no clear distinction between the general technique and its 
particular application to Ranger’s problem. This Summary Section clarifies the distinction 
diagramatically, thus enabling one to appreciate the simplicity offered by the new operational 
calculus of the differential transform. Furthermore, it becomes clear in Fig. 1 how to apply the 
differential transform technique to more involved related problems. 
D 
64 es(x+i(Y-c)) ------+ (a’) log R, 
i 
B B 
& 
es(x+i(y-cN D 
(b) - esw(Y+c)~ 
log 4 
- 2isye sL-i(y+e)) 
’ (b’) -logR2 
+ 2 Y(Y f cl 
h2 
Fig. 1. Ranger’s result (b’) by means of the differential transform technique. 
In Fig. 1, B and D are two operators: 
(a) B is an operator which sends a source function, that satisfies (5.2), into a superposition 
of the source on its image, that satisfies the boundary value problem formed by eqns (5.2) and 
(5.3) (or other linear boundary value problems in the general case); and 
(b) D is an operator involving the differential transform tY. It sends a function E into the 
real part of the differential transform of E multiplied by a “constant” log eesA, and evaluated at 
j.L =o: 
D: E F ReU{log A e-SAE}p=o. 
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The operator D sends a solution of a linear boundary value problem into another solution of the 
same problem, provided that the problem is independent of s and h which are, therefore, 
regarded as parameters. 
At point (a) of Fig. 1 we have a simple solution of (5.2) which is translated into Ranger’s 
rotelet log Rr in (a’) under the operation of D. Ranger’s result, at point (b’), can be obtained by 
applying B to either (a) or (a’), as shown in Fig. 1. Indeed, Ranger obtained his result by 
applying B to (a’) while in the present note the result is obtained by applying B to (a). 
Obviously, the application of B to (a) is considerably simpler than that to (a’), since the 
variables x and y are separated in (a) but not in (a’). 
It is not known to the author whether an algebraic closed form solution to the problem of a 
rotelet in a quarter space, i.e. x 2 0, y 2 0, exists. The search for such a solution is simpler for 
the source function in (a) than for the rotelet in (a’). Thus, in order to solve the problem of a 
Ranger’s rotelet (a’) near a corner, one may first attempt the problem for the simpler source 
function (a). 
A solution associated with the source function in (a), to a boundary value problem involving 
two (or any finite number of) parallel planes, is known. The operator D in Fig. 1 translates this 
solution into a solution associated with the rotelet located in a layer bounded by two parallel 
planes (or located in a horizontally layered medium). A direct determination of the flow 
produced by Ranger’s line rotelet in a layer, on the other hand, is too involved and has not been 
attempted. 
Ranger’s result (6.11) can be written as 
R;-R2. 
(1,=logR,-logR,t 2cR,sme2, sine,=F, (7.1) 
2 
a form which is documented in the literature. 
The fact that 4 in (7.1) satisfies the boundary value problem formed by eqns (5.2) and (5.3) is 
well known in the theory of plates. It can be found in the review paper by Robinson_([8], eqn 
(8.12)). Some other solutions of (5.2) satisfying semi-infinite boundary conditions are also 
reviewed by Robinson[8]. Robinson has found, as stated in ([6], Section 5), that all of them can 
be obtained by means of the differential transform technique in a similar way. 
The result (7.1) was thus rediscovered by Ranger. Other results of Ranger concerning flow 
produced by a rotelet, presented in [2], seem to be novel and of interest also in plate theory. It 
is not known whether the way of obtaining these results can also be simplified by means of the 
differential transform technique. 
A general form satisfying the boundary value problem in (5.2) and (5.3) is 
fb, Y - c) - fk - Y - c) + 2Y fyk - Y - c) (7.2) 
of which both (6.6) and (6.11) are particular cases. In (7.2) f(x, y) is any solution of Laplace’s 
equation 
v2t#l = 0, v2=$+-$ 
An extension of (7.2) to more variables is provided by replacing x by a set of variables. Thus 
a solution of the boundary value problem (5.2H5.3) associated with the three dimensional point 
source (V2 being now in three dimensions) 
is 
1 
-9 
rl 
r,2=x2+(y-c)2t22, 
Y(Y + cl ;-;+27-, 
r2 
r22=x2t(ytc)2tz2. 
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The form (7.2) can be obtained from the solution (6.6) by replacing log X in (6.6) by g(A) and 
applying U to the resulting solution, g being an arbitrary, suitably differentiable function of the 
parameter A. An extension of (6.6) to a solution of a problem involving a number of parallel 
plane interfaces may yield, therefore, an appropriate extension of (7.2) to horizontally layered 
media. 
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